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Abstract 
This paper overviews the computation of the alternating current (AC) loss in high temperature superconductors (HTS) based on 
the finite-element method (FEM) using H-Formulation. A great amount of studies shows that the AC loss calculation results 
from H-Formulation agree well with the experiment results. As one of the most reliable numerical modeling methods, 
H-Formulation is able to calculate the AC loss from a wide range of HTS topologies. In this paper, we review these contributions 
on the AC loss calculation using H-Formulation, from small-scale HTS tapes and coils, HTS cables, to large-scale HTS 
applications. 
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1. Introduction 
High temperature superconductors (HTS) are recognized as the 
solution for future superconducting applications, because of 
their high current/power density and cryogen-free operating 
condition [1, 2]. In recent years, the electromagnetic 
performance of HTS has enhanced, while the price of HTS has 
been gradually decreasing [3]. All these advantages make HTS 
technically and economically possible for future 
superconducting power applications, such as HTS high-field 
magnets [4], HTS motors/generators [5, 6], HTS transformers 
[7, 8], HTS power transmission cables [9], HTS fault current 
limiters [10]. 
However, in AC systems it is inevitable that the HTS 
applications suffer AC losses when they are operating with AC 
current or AC magnetic field. AC losses appear in the forms of 
heat dissipation, which can significantly decrease the overall 
efficiency, and affect the stability of cryogenic systems [11]. 
Therefore, scientists and engineers need to estimate the amount 
of AC losses and take the corresponding actions.  
There are three common methods for AC loss 
measurement, which are the electrical method [12], the 
magnetic method [12]  and the calorimetric method (boil off)  
[13]. 
• The electrical method can be used to measure the transport 
current loss by measuring the voltage in-phase with the 
current, and a compensation coil is used to cancel the 
inductive signal, when the measuring superconductor has 
inductive quantity induce voltages which are not due to the 
transport current loss. 
• The magnetic method can catch the AC loss from the 
variation in the magnetic moment of the superconducting 
sample by the voltages of pickup coils around the sample. 
However, the small AC transport current detected by the 
magnetic method may affect the performance of a 
magnetic measurement, and this method is typically used 
to measure the magnetization losses. An alternative is 
represented by the so-called calibration-free method, 
where the magnetization losses are determined based on 
the measurement of the power supplied to the AC field 
magnet [14]. 
• The calorimetric (boil off) method has the advantage that it 
cannot be affected by undesirable alternating currents or 
magnetic field disturbances, as mentioned above. 
However, the calorimetric method can be affected by the 
thermal influences from the external environment due to 
Ohmic dissipation in the current leads, or heat leakage 
from the cryostat. 
The AC losses of simple HTS topologies, e.g. single HTS 
tape and single HTS coils, can be measured by above 
experimental approaches, but things are more complex with 
large-scale HTS applications. In addition, measuring AC losses 
is time consuming, especially if calorimetric techniques are 
used. For the design of HTS applications, it therefore very 
important to have reliable tools that can provide a reasonably 
accurate estimation of the AC losses. Then, prototypes can be 
built and successively tested in the laboratory. 
 Many analytical models have been developed in the past 
decades for calculating the AC losses in superconducting 
materials, e.g. Norris [15] and Brandt [16] analytical models, 
and a review of analytical models can be found [17]. Analytical 
models are useful for understanding the mechanism of the AC 
loss and efficient for computing the losses from some simple 
geometries of HTS. However, they have the important 
limitation that they cannot accurately calculate the AC losses in 
the large-scale HTS devices. By contrast, numerical models are 
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able to overcome that limitation, and can simulate the HTS 
applications’ geometries and situations of increasing 
complexity. For the simulation of the electromagnetic behavior 
of superconducting devices, which is necessary for calculating 
AC losses, there are several possibilities, which have been 
summarized in [18]. Among the various models, the 
H-Formulation of Maxwell’s equation solved by the finite 
element method (FEM) was first introduced by Hong et al [19] 
and Brambilla et al [20]. Since then, H-Formulation has been 
extensively used for the modeling the electromagnetic behavior 
of HTS. A search on the Web of Science based on the citations 
of [19, 20] reveals that, at the time of writing, the H-
formulation has been used by more than 30 research groups 
worldwide. The reason for this widespread use of this 
formulation, as well as some drawbacks and limitations, will be 
discussed later in the paper. The next sections, after a brief 
recap of the equations governing this formulation, are 
dedicated to review the application of the H-formulation for 
calculating AC losses in a great variety of cases, ranging from 
single tapes, to complex cable geoemtries and large magnets.  
2. Basics of H-formulation 
H-formulation, namely, is the mathematical model with the 
dependent variable of the magnetic field intensity H, which 
was first applied to the study of superconductivity in 2003 [21]. 
H-formulation generally consists of Maxwell Ampere’s Law 
(1), Faraday’s Law (2), Constitutive Law (3), Ohm’s Law (4) 
and E-J power Law (5): 
                                    (1)  
                                 (2) 
                                  (3) 
                                       (4) 
Where J is the current density, E is the electric field, r is 
the resistivity, B is the magnetic flux density, µ0 is the 
permeability of free space, µr is the relative permeability. The 
resistivity in equation (4) is constant for conventional material, 
but it depends on the current density for superconductors. 
Typically, it assumes the form of a power-law 
                                (5) 
where E0 is a characteristic electric field (usually set to 10-4 
V/m), Jc is the critical current density and n is the power factor 
representing the steepness of the transition from the 
superconducting to the normal state. The power-law 
approaches the critical state model [22] as n approaches 
infinity. Other non-linear expressions for the resistivity can be 
used, for example the so-called percolation law [23, 24]. By 
combining equation (1), (2), (3), (4) and (5), the general form 
of partial differential equation (PDE) for variables H is [25]:  
                 (6) 
which is the equation to be solved in the finite-element 
method program. External magnetic fields can be applied on 
the boundary of the air domain surrounding the conductors’ 
region by appropriately setting Dirichlet boundary conditions. 
The latter can also be applied to apply a transport current to the 
whole conductor’s region. However, for the simulation of 
realistic scenarios (like coils), it is desirable to be able to 
impose a given current in a given conductors. This can be done 
by means of current constraints, based on the use of Lagrange 
multipliers. In this way, different scenarios of coupling 
between superconducting tapes can be considered. 
Symmetry and/or periodicity conditions can also be set on 
the domain’s boundary, with the purpose of reducing the size 
of the problem (and thus the computation time) to the 
indispensable minimum. 
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Figure 1. (a) Experimental configuration of AC loss measurements of HTS tapes or HTS coils using the electrical method, or magnetic method. (b) An example 
of a single HTS tape using 2D H-formulation FEM model, (c) An example of a circular HTS coil using 3D H-formulation FEM model. 
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Currently, the most promising HTS trapes are rare-earth 
barium copper oxide (REBCO) coated conductors, which 
typically consist of several layers: they are superconducting 
layer, the stabilizer, the overlayer, the encapsulation, and the 
substrate, which can be magnetic. In general, the AC losses of 
a REBCO HTS tape have four possible contributions:  the 
hysteresis loss in the superconducting material, the eddy-
current loss in the metal parts, the magnetic loss in the 
substrate (if magnetic), and the coupling loss (if the tapes is 
subdivided into filaments) [18]. In general, particularly for the 
low frequency cases (less than 1 kHz), the hysteresis loss in 
the superconducting material dominates the total AC loss, 
especially if there are no filaments and magnetic materials. 
For this reason, the H-formulation is primarily used for the 
calculation of hysteresis loss, but the calculation of the other 
types of losses is also possible [18]. AC losses are calculated 
by integrating the instantaneous power dissipation EJ over the 
domain of interest and averaging over a cycle. In most cases it 
is sufficient to simulate one cycle, taking the second half of 
the cycle to do the average (thus avoiding the transient 
behavior of the first half-cycle) [26]: 
                         (7) 
where Ω is the domain for loss calculation and T is the 
period of the cycle of AC signal. In order to obtain more 
precise loss results, the B-dependent critical current models are 
generally implemented into H-formulation. This is an example 
of an anisotropic B-dependent critical current model [27]:  
                    (8) 
where Jc0 is the critical current density in the zero field. Bc, k, 
and b are the parameters to fit the field angular dependence of a 
certain type of HTS tape. 
3. H-formulation for the AC loss in HTS tapes and 
coils 
Figure 1 presents the typical AC loss measurement using 
electrical method and magnetic method. The signal from signal 
generator is used as the reference to the lock-in amplifier, while 
this signal is also amplified by the AC sources to provide 
proper AC current or AC magnetic field to the HTS 
measurement sample (HTS tape or coil). Obtaining the in-
phase voltage component is a key step for AC loss 
measurement. Generally, for electrical method and magnetic 
method, the ways to get the in-phase voltage are slightly 
different, either using voltage taps for the electrical method, or 
pick-up coil for the magnetic method. As shown in Figure 1, 
the FEM model based on H-formulation can simulate different 
geometries of HTS such as tapes and coils by 2D and 3D 
formations, and more importantly the model based on 
H-formulation has good agreement with the experiment with 
respect to the AC loss in HTS, according to many previous 
studies. 
In 2006, Hong et al implemented the H-formulation into 
the commercial FEM software COMSOL, and found that the 
electromagnetic performance and corresponding AC loss 
pattern of HTS can be properly modeled [19, 28]. Almost at the 
same time Brambilla et al independently carried out the first 
comprehensive study on the HTS AC loss calculation using the  
H-formulation, together with the theoretical derivation and 
comparison with the Norris and Brandt analytical solutions 
[20]. 
Figure 2 presents a recent study of ours on the AC losses in 
a single HTS tape and an HTS coil made with the same 
material (SuperPower SCS6050), with the AC transport current 
[29]. Results show that the losses both from single tape and 
coil are frequency independent in the range 50 Hz to 200 Hz, 
and both of them match with the loss results from 
H-formulation. Both the single tape losses from experiment 
and H-formulation are between the Norris strip and Norris 
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Figure 3. Magnetization AC losses in a stack of up to six HTS tapes 
calculated by H-formulation (continuous lines), showing very good 
agreement with measurements (symbols) over several orders of magnitude. 
The cases of a single tape and of an infinite stack can also be computed 
analytically and provide the upper and lower limits to the losses, but the case 
of a finite number of tapes can be handled only numerically. Replotted from 
[31]. 
 
 
Figure 2. Comparison of the measurement, analytical solutions (Norris strip 
and Norris ellipse), and H-formulation FEM model, for calculating the AC 
loss from a HTS coil and a single tape. 
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ellipse. The AC losses in the HTS tapes and coils in the 
presence of AC magnetic field can be accurately modeled by 
H-formulation, and also agree well with the Brandt analytical 
solution and experiment results [29, 30]. Overall, these are 
good examples to prove that measurement, analytical solution, 
and FEM based on H-formulation are well consistent with each 
other. 
Some study based on H-formulation extended single HTS 
tape element to different directions of array. The modeling of 
the magnetization AC losses in vertically stacked HTS tapes 
using H-formulation, which had good agreement to 
experiment, was presented in [31]. Shen et al did the 
experiment and the simulation of the AC loss in horizontally 
parallel HTS tapes, and estimated the AC losses from large 
amount of parallel HTS tapes, based on H-formulation method 
[26]. 
Several methods have been introduced to improve the 
convergence and calculation speed of the H-formulation FEM 
model to compute the AC loss. Hong et al used a more 
efficient H-formulation model with artificially expending the 
thickness of HTS tape, which can obtain accurate AC loss 
results (for single HTS tapes, and for HTS stacks whose 
separations are much more than the thickness of the tape), but 
greatly save the computation time [32]. Ainslie et al used the 
bulk approximation method to simulate the AC loss of many 
turns of coil in HTS motor, which significantly shorten the 
calculation time [33]. It was later found that a practical way of 
reducing the number of degrees of freedom and saving 
computation time is by using a structured mesh, with elongated 
rectangular mesh elements [34], which enabled the simulation 
of the superconducting layer with its real thickness 
FEM model based on H-formulation is able to calculate the 
AC losses from the different layers of Second Generation (2G) 
HTS, e.g. the eddy-current AC loss in the metal layer 
(normally copper stabilizer and silver over-layer), and 
ferromagnetic AC loss in the magnetic substrates. Shen et al 
used H-formulation as the tool to calculate the eddy-current 
AC loss in the copper stabilizer and the total AC loss in the 
SuperPower 2G HTS tapes (SF12100 and SCS12050), which 
were also well verified by the measurement [35]. The AC 
losses in the HTS tapes with magnetic substrates were 
calculated using the H-formulation FEM model [36]. In that 
case, the presence of a material characterized by a non-linear 
magnetic permeability required a substantially different 
implementation of equation (6) in the software. 
Liang et al studied the AC losses in two types of low-
inductance solenoidal HTS coils using 2D axisymmetric 
H-formulation and experiment method [37]. Shen et al used the 
2D axisymmetric H-formulation to investigate the power 
dissipation a circular shape HTS coils under the action of 
different oscillating fields and currents [38]. 
The AC loss in HTS can be calculated using 3D 
H-formulation models with higher complexity. Zhang et al 
developed a 3D FEM model based on H-formulation, partly for 
the loss calculation of non-twisted and twisted HTS tape [39]. 
A full 3D FEM model of HTS twisted wires operating with the 
AC transport current was presented in [40]: the results have 
good agreement with a 2D model that uses a change of 
coordinate to take the twist into account, and also simulated the 
HTS tape with defects. Stenvall et al did the similar AC loss 
analysis on HTS twisted wire with varying applied magnetic 
field using 3D H-formulation FEM model [41]. In 2013, 
Zermeno and Grilli built a full 3D FEM model of racetrack 
HTS coil using homogenization technique which matched the 
electromagnetic and AC loss characteristics of the 2D model, 
and provided more information [42]. 
Nguyen et al presented the AC loss analysis of the 
antiparallel connected HTS tapes, and this research is useful for 
SFCL applications [43]. Demenčík et al showed a substantial 
method to reduce AC loss while maintain good current 
carrying capability using the HTS samples with a large number 
of filaments and narrow grooves, with the aid of H-formulation 
[44].  
4. H-formulation for the AC loss in HTS cables 
Roebel cables are one of the most promising configurations for 
high-current HTS cables with low AC loss. In 2010, Grilli and 
Pardo presented a study on the AC loss in Roebel cables, which 
was executed by 2D H-formulation FEM model, together with 
the coupled and uncoupled conditions of HTS strands [45]. 
After that, Grilli et al implemented a pancake coils made by 
Roebel cable and carried out the AC loss measurement with the 
transport current frequency 18 Hz, 36 Hz and 72 Hz, and used 
the AC loss results from 2D H-formulation FEM model to 
compare with the measurement of this Roebel cable based 
coils, where good agreement can be found [46, 47]. Thakur et 
al did similar AC loss analysis using H-formulation on Roebel 
cable with wider frequency range up to kHz [48]. In 2012, 
Zermeno et al developed a full 3D H-formulation FEM model 
of the Roebel cable with 14 strands, whose AC loss results are 
similar to the 2D Roebel cables model and measurement, but 
high dissipation on the corners can be seen in the 3D model 
[49].  
Another popular HTS cable, the conductor-on-round-core 
(CORC) cables, was developed by van der Laan [50], which 
has the advantage of relatively low AC loss, good mechanical 
performance, and low manufacturing costs. Majoros et al 
investigated the magnetization AC losses and heat generation 
in the HTS CORC by experiment and 2D H-formulation FEM 
 
Figure 4. Transport losses in an HTS tape with magnetic substrate calculated 
by H-formulation, showing the good agreement with measurement, and the 
separation of the losses into different components which are not directly 
available from measurements. Note that the magnetic substrate modifies the 
losses of the HTS material, which are different from those of a tape without 
magnetic substrate (indicated by the ‘thin strip’ curve). Replotted from [36] 
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model [51]. Terzioğlu et al studied the transport current AC 
loss and magnetization AC losses (frequency 36, 72 and 144 
Hz) of the HTS CORC with a Cu former by experiment and 
H-formulation method [52].  
There are other types of HTS cables which have been 
studied for their AC loss characteristics using H-formulation 
FEM model. The H-formulation was used as a tool to perform 
the 3D numerical modeling and AC loss analysis of twisted 
stacked tape (TSTC) HTS cables, and also considered of their 
termination resistances in [53]. Wang et al established a 3D 
model to investigate the AC loss and transport current capacity 
of Soldered-Stacked-Square-Twisted (3S-T) HTS cable using 
H-formulation [54]. Shen et al used H-formulation FEM model 
to study the AC loss in HTS Cross-Conductor Cables, and also 
evaluated the possibility of using those cables for AC electrical 
power transmission [55]. Makong et al developed a simplified 
version of the 3D H-formulation FEM model to simulate the 
performance and AC loss of the twisted multifilamentary HTS 
wires subjected to the transverse magnetic fields [56]. Escamez 
et al developed a 3D H-formulation FEM model to analyse the 
AC losses in the MgB2 wires with 6, 18 and 36 filaments, and 
also considered the impact of nonlinear permeability materials 
[57]. Kan et al carried out an AC loss study of quasi-isotropic 
strands cable manufactured by HTS, and they simulated the 
magnetization AC loss in the temperatures of 4.2 and 77 K 
[58]. 
5. H-formulation for the AC loss in HTS high field 
magnet and HTS power applications 
Large-scale numerical modeling and loss analysis of HTS high 
field magnet and HTS power applications can have been 
carried out using the H-formulation FEM model. Xia et al used 
H-formulation FEM model to investigate the electromagnetic 
modeling and loss analysis of high field superconducting 
magnet using the anisotropic bulk model, in order to study the 
self-field problems of the HTS prototype coils of the National 
High Magnetic Field Laboratory 32 T all-superconducting 
magnet [59]. Quéval et al executed the modeling of large-scale 
HTS coated conductors applications using the H-formulation 
FEM model, including the AC loss computation, and 
comparison of homogenized model and multi-scale model [60]. 
There are some studies reported for the AC loss calculation 
for HTS machine applications. Ainslie et al used an improved 
H-formulation FEM model to calculate transport AC loss in the 
HTS coils for large electric machines, and this study also 
demonstrated a method to calculate the ferromagnetic losses 
which was incorporated to H-formulation [61]. Zhang et al 
computed the transport current AC loss and magnetization AC 
loss of racetrack HTS armature windings for large HTS 
machines applications, the measurement and H-formulation 
FEM results are well matched [62, 63]. Quéval et al used the 
H-formulation FEM model as a tool to estimate the AC losses 
from a superconducting wind turbine generator connected to 
the grid, and the steady-state AC loss from a 10 MW class 
wind turbine generator could be under 60 W [64]. Li et al did a 
study of HTS armature windings in a 15-kW class fully HTS 
synchronous generators to obtain the AC loss limits based on 
H-formulation FEM model [65]. 
Some numerical studies on the AC losses from 
superconducting fault current limiters have been performed 
using H-formulation FEM model. Roy et al studied the 
magnetic and thermal modeling of HTS coils used for resistive-
type superconducting fault current limiter, including the loss 
analysis using the H-formulation [66]. Hong et al investigate 
the AC loss in a 10 kV resistive-type superconducting fault 
current limiter, using both experiment and H-formulation 
calculation [67]. Jia et al did a numerical analysis of a saturated 
core type superconducting fault current limiter and partly with 
loss analysis using H-formulation [68]. Shen et al used an 
H-formulation FEM model to investigate more details on the 
power dissipation from a saturated iron core superconducting 
fault current limiter whose total loss could be up kilo Watts 
level in certain conditions [69]. 
There are some other researches for loss analysis on HTS 
power applications based on H-formulation FEM model. Song 
et al did the research on AC loss simulation in an HTS three-
phase 1 MVA transformer using homogenization 
approximation by H-Formulation, as well as the comparison 
with minimum magnetic energy variation (MMEV) method 
[70]. Wang et al did an AC loss study of a hybrid HTS magnet 
of approximately 7000 turns maximum for superconducting 
magnetic energy storage (SMES) by using H-Formulation 
method, and the homogenization bulk approximation method 
was used to reasonably predict the AC in the HTS coils [71]. 
6. Discussion 
As demonstrated in the previous sections, the H-formulation 
FEM model has shown its powerful capability to estimate the 
AC losses for a wide range of HTS topologies and in a large 
variety of operating scenarios. The overwhelming majority of 
results published in the literature use the implementation in the 
FEM software package COMSOL Multiphysics. In truth, other 
implementations of the H-formulation FEM model have been 
proposed. These include commercial software packages, like 
FlexPDE [25] and Matlab [72], open-source environments like 
GetDP [73-75], and home-made FEM codes like Daryl 
Maxwell [57]. However, these represent a minority. It would 
be naïve not to recognize that one of the reasons (if not the 
main one) of the popularity of the use of COMSOL 
Multiphysics is the easiness of implementation of the model. In 
recent years, things have been made even easier thanks to the 
built-in “MFH-module”, where equation (6) is already 
implemented, and one does not need to write in the “General 
PDE-module” for partial differential equations anymore. 
 The easiness of implementation is particularly attractive 
because it allows new users to get up to speed in a relatively 
short time. In research groups, it also allows a rapid and 
efficient transfer of knowledge when personnel comes and 
leaves. 
Another reason of the popularity is that it is quite easy to 
exchange models between users, and that the files for 
numerous topologies and application scenarios are publicly 
available [76]. These include not only the basic implementation 
of the model, but quite advanced models for cables and 
windings.  
In terms of accuracy when compared against experimental 
data, the H-formulation has a performance that is consistent 
with that of similar numerical models. The calculated AC 
losses are in general good agreement with experiments, and the 
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accuracy can be quantified as varying between 10% and 50%. 
This can be considered satisfactory, for several reasons: 
• It is not always possible to have a direct precise 
characterization of the properties of the superconductor 
tape under analysis, for example the angular dependence 
of Jc on the magnetic field; 
• The tapes’ properties are almost always assumed to be 
uniform along the tape’s length, but variations in the order 
of 5-10% are very common; 
• In the case of tape assemblies like cables and coils, the 
tapes present some degree of misalignment with respect to 
their theoretical position; 
• The AC loss measurements are prone to significant 
disturbances of different type, for example: spurious 
electromagnetic signals, difficulty in isolating a (very 
often small) voltage component in phase with a reference 
signal, extremely low levels of evaporated cryogenic 
liquid, etc. 
The H-formulation has also important drawbacks. In terms 
of usage, the implementation in Comsol Multiphysics, has 
some of the typical problems related to using a commercial 
software. The code is not accessible, and for certain aspects the 
code remains a sort of “black box” to the user. In addition, the 
license price could be not affordable for everyone. On the other 
hand, the implementation in open-source codes is not trivial, 
and in general very time consuming, especially for first-time 
users. 
In terms of computational efficiency, the H-formulation 
FEM model is not the best choice. This has primarily to do 
with the fact the air domains need to be simulated as well, 
which may waste a lot of degrees of freedom.  For example, in 
[45] the computation times of the H-formulation were reported 
to be one order of magnitude longer than those obtained with a 
homemade code based on a variational method. On the other 
hand, in [77] the H-formulation was reported to be faster than 
another FEM method based on T-W  formulation implemented 
in FLUX. 
Another pitfall is that the H-formulation FEM model 
implemented in Comsol Multiphysics does not take advantage 
of computing parallelization. So, having access to large 
computer clusters does not necessarily help. 
For the simulation complex structures systems with coated 
conductors, the recently developed T-A formulation seems to 
be a better alternative [78], as long as the superconductor layer 
can be approximated as an infinitely thin object. 
7. Conclusion 
This article reviewed the calculation of the AC losses in 
various HTS topologies using the H-formulation FEM model. 
A massive amount of studies demonstrates that the 
H-formulation is one of the most widespread models used to 
calculate AC losses in HTS and has arguably become the de 
facto standard numerical tool for that purpose. Reasons of this 
success include the ease of implementation in commercial 
software, although the formulation has also been successfully 
implemented in home-made codes. 
The original model for individual conductors have been 
improved and extended to be able to simulate scenarios of 
increasing complexity: from applications with non-linear 
magnetic materials, to cables and medium-size coils, large 
superconducting magnet systems. For the latter, the models 
have been adapted to avoid the simulation of all the individual 
tapes, by means of techniques such as the multi-scale and the 
homogenization. 
For the simulation of thin superconductors, like HTS coated 
conductor, the H-formulation is now facing some serious 
competition from the recently developed T-A formulation. 
However, given its flexibility of application to different 
scenarios (including some that cannot be handled by the T-A 
formulation), it is likely that the H-formulation will retain the 
leading role among the simulation tools for AC loss calculation 
in HTS in the years to come. 
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